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Abstract

This paperdealswith the problemof preciseautomatices-
timation of the surfacegeometryof pot shedsuncoveredat
archaeolajical excavationsitesusingdense3D laserscan
data. Critical to ceramicfragmentanalysisis the ability to
geometricallyclassifyexcavatedsheds,and,if possiblere-
constructheoriginal potsusingtheshed fragments:To do
this, archaelgyistsmustestimatethe pot geometryin terms
of an axisandassociategro le curvefromthediscorered
fragments.In this paper we discussan automaticmethod
for accumatelyestimatingan axis/pio le curvepair for each
archeolgyical shed (evenwhenthey are small) basedon
axially symmetriamplicit polynomialsurfacemodels.Our
methodestimateghe axis/po le curvefor a shed by nd-
ing the axially symmetricalgebraic surfacewhich best ts
the measued set of dense3D points and associatedor-
mals. We notethat this methodwill work on 3D pointdata
aloneanddoesnot require any local surfacecomputations
sud asdifferentiation. Axis/pio le curveestimatesare ac-
companiedyy a detailedstatisticalerror analysis.Estima-
tion anderror analysisare illustratedwith applicationto a
numberof sheds. Thesefragments excavatedfrom Petra,
Jordan, are chosenas exemplas of the familiesof geomet-
rically diverseshedscommonlyfoundon an archeolaical
excavationsite We thenbrie y discusshowthe estimation
resultsmay be integratedinto a larger pot reconstruction
program.

1 ArchaeologicalContext

In antiquity, pots and vaseswere mass-producedy civi-
lizationsfor usein a variety of contets. Hence,piecesof
pots and vases hereafterreferredto as sheds, are preva-
lent artifactsuncoveredin mary archaeologicaéxcavation
sites. By studyingthesefragments,archaeologist®btain
greatamountsof information about ancientcivilizations
This paper providesa highly accurate solutionto the dif-
cult problemof extracting a geometricmodel of the un-
knownpot structue in the region associatedvith 3D mea-
surementobtainedfroma shed. Themodelextractedmay
be usedin a variety of applications. Someexamplesare:
shape-basedearhing of 3D shed databasesshed clas-
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si cation; and pot reconstruction.In 87, we touchon the
speci ¢ applicationof our modelsto potreconstruction.

Figurel: Geometryof a surfaceof revolution

2 Surfacesof Revolution

The notationand terminologyadoptedfor surfacesin this
paperis that usedin classictexts suchas[10, 7]. A sur
faceof revolution S 2 <3 is obtainedby revolving a planar
curveC 2 <? aboutalinel 2 <3. s calledthepro le (or
generatingurve andl the axisof S. Whenthe Z-axisis
taken asthe axis of revolution with pro le curve (z), the
surfaceS mayberepresenteg@arametricallyas

S(;2)=( (2 cos; (2)sin ; 2) (1)

With thisparametrizatiorthecurvesz = constant arepar-
allels of S andthecurves = constant aremeridiansof
S. Thepro le curvecharacterizehow theradiusandheight
of the surfacechangefor a x ed meridian,seeFig (1). In
the literature,[14], an axially symmetricsurfaceis a spe-
cial caseof a SimpleHomogeneou&eneralizedCylinder,
SHGC,onewhich hascircularcrosssection.In (1), thera-
diusfunction,r = (z), is asingle-\aluedfunctionof z. In
the caseof archaeologicatherds thereoften occur multi-
ple radiusvaluesfor a speci ¢ heightz. Examplesnclude
sherdswhich comefrom pot basesandrims, seeFig. 3 for
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atypical exampleof a pot basepro le. For thisreasonwe

have generalizedour pro le curve modelto include these
situationsby usinga planarimplicit polynomial,i.e. anal-

gebraicplanarcurve: (r;z) = 0. Theproblemof interest
is: given an unorganizedset of 3D measuredooints of a

small patchof a largeraxially symmetricsurface,estimate
a surfacegeometrymodelfor the patch. We seethat this

geometryis completelyspeci edby anaxisin 3D anda 2D

pro le curve with respecto thataxis. Consequentlyesti-

mation of axially symmetricsurface modelsis estimation
of axis/pro le curvepairsfl; (r;z)g. Ouralgorithmseeks
theaxis/pro le curvepairwhichbestts themeasuredherd
data.

3 PreviousWork

In recentyearstherehasbeenanincreasdn researctper
taining to the automaticestimationof shapemodelsfrom
3D surfacedata. However, in the estimationof axially
symmetric shapes,the methodsproposedhave not been
shawn to be effective for small surfacepatches.But these
casesareimportantin practiceandchallengingin concept.
Someinitial work onthesubjectwasproposedn [9] where
the authorsapply conceptdrom algebraicgeometryto de-
velop a linear algorithm for estimatingthe axis of sym-
metry. This methodhasthe bene t of providing a quick
and reasonableestimate. Yet, in the interestof preserv-
ing linearcomputationatompleity, the authorsdo not en-
force the Plicker relation which guaranteeshat the solu-
tion is a valid Euclideanline. Additionally, by estimating
the axis asa line intersectecby locally estimatedsurface
normals,the methodcannotmake useof the fact that the
measurediatalies on a continuousaxially symmetricsur
facepatch.Hence the estimationaccurag is not suf cient
for our applications.In [8], a methodof axis estimationis
presentedasedon the factthatfor a surfaceof revolution,
maximalspheresangento the surfacewill have centerson
the axis of symmetry This methoddiffersfrom ourssince
the authorsare estimatingosculatingspheredor eachdata
point/normalpair to obtainan estimateof the axis of sym-
metry. The centersof thesespheresiependuponthe prin-
cipal curvatureof the surfaceparallelwhich passeshrough
eachof the point/normalpairs. The authorsaddrobustness
to their estimatorby detectingoutliersin a weighteditera-
tive least-squareffameavork. Having computedtheir axis
estimate the authorsthenusethis estimateto computethe
pro le curveusingacubicsplinemodel t tothesherddata.
In our caseaxially symmetricsurfacesare t to all surface
data/normapairssimultaneouslyisingaweightediterative
least-squaredting method.In doing so, our modelincor
poratesinformation from both the meridiansand the par
allels of the surfaceof revolution anddoesnot requireuse
of ary local operatorssuchasdifferentiationwhich ampli-
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es the measuremennoise. In §4, we illustrate this dis-
tinction betweenthe two methodswhich leadto different
axis/pro le estimates.Sherdclassi cation basedon quali-
tative (e.g., globalshape)f pro les with human-dnwenpre-
processings beingdevelopedatthe TechnicalUniversityof
Vienna[13, 6].

4 Axis/ Prole Curve Model

The poseof arotationallysymmetricobjectis de ned upto
asign by it's axis of symmetry We have parametrizedhe
axisof symmetryusinga standarcparametricequationof a
3Dline:

X = myz+ by
y=myz+ by

Theseequationscontain4 unknavn parametersvhich
describethe 3D axis of symmetry | = fm,;my;b.;bg.
Two of theseparametersm, andmy, describethe slope
of theline whenit is projectedinto the XZ-plane andthe
YZ-planerespectiely. The remainingtwo parametersby
andby, specifythex andy coordinatesvherethe axisline
interceptghe XY-planeat Z=0.

Thepro le curweisrepresentedsinganimplicit polyno-
mial curvemodel, (r;z) = 0. Implicit polynomialcurves
provide a compactandlow computational-cosmethodof
representinghap€g[12, 2]. In addition,closed-formlinear
least-squaresting methodshave beendevelopedthatpro-
vide stableandrobustcurve andsurface ts in thepresence
of noise[11]. Thegeneraform of a2D implicit polynomial
cunve of degreed has[(d + 1)(d + 2)=2] unknowvn coef-
cientsandtakesthefollowing form:

X

(2)

a(r;z) = ar z¢ = 0: ©)
0 j+k d;jk O

Here, d is a parametemwhich is relatedto the geometric
compleity of the potterysherdto be estimated.Typically
oneassignghe smallestvalueto d whichis largeenoughto
representll objectsof interest.In this way, objectswhich
may have little geometriccompleity are describedasde-
generateaseof themorecomplex model. For theartifacts
in this paperall experimentsare performedwith d = 6.

We apply the Gradient-1 tting algorithm developed
in [11] to estimateimplicit polynomial modelsl. The
Gradient-1tting algorithmappends penaltytermto the
usualleast-squaresbjective function(algebraiadistancen
this case)which makesuseof the gradientof the polyno-
mial in orderto get a more stableestimateof the curve.
This tting methodmakesuseof all the availableinforma-
tion: the hypothesizedxis, the measuredpatialdataand
theobsenednormals.This informationis usedto compute
theglobalsurfacemodelwhichbest ts thedataandis sym-
metricaboutthe hypothesizedaxis.
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Figure2: Several(x; y; z) points(in blue)areprojectednto
the(r; z) plane(in red)de ned by theestimatedaxis| anda
vectororthogonalto the axis passinghroughthe datacen-
troid. Thehighlightedportionis furtherdiscussedh Figure

3).

Givenanaxisof symmetryl, theradiusandheightposi-
tion/directionof each3D sherdpoint/normalmustbe com-
putedwith respecto theaxis|. We denotethei™ 3D data
point and normal, of the sherd,asp; andn; respectiely.
The2D radiusandheightfor thei™" sherdpointarereferred
toas(ri; z) andthecorrespondin@D normalis nP. Here,
thep superscriptienotegprojectionsincethe points(r;; z;)
andn? canbeviewedasanorthogonaprojectionof the 3D
datapointsinto the (r; z) planeof a cylindrical coordinate
systemwhosez-axisis de ned by |, andthe projectionof
n; into this plane,seeFig. (2). This projectioninto rz-
spacepreseresthe distancerelationshipbetweenthe axis
andeachpointp; in xyz-spacehut discardghecomponent
of thesurfacenormalin the direction.Hence for ary 3D
normal, n;, the correspondingrojectednormal,n?, may
notbeof unitlength,i.e., kn’k 1. Theseparametersle-
ne the objective function (4) below, which is a modi ed
versionof the enegy function in [11], for estimatingthe
pro le curvecoefcients:

epacr=  ( 2(riiz)+  knP v (ri;z)kY); (4)

i=1

wherer (ri;z) = £ & " denotesthe gradient.
Notethat, 2(r;;z) is the surfacepoint tting errorin (4)
andthelatterterm ts the polynomialnormalsto the mea-
suredsurfacenormals.Thevaluechoserfor  will depend
uponthenoisepresentn themeasuredurfacenormals.For
our experiments,we set = 0:01 which correspondgo
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weightingerrorsdueto thedatanormaldessthanerrorsdue
to datapoints.We emphasize@gainthat(4) is anerrorfunc-
tion for 2D curve tting thatgivesexactly the sameresults
asdoestheerrorfunctionin [11] for 3D surface tting.

Figure3: Decompositiorof t error: Herethe closestroot
of aprole curve model, (r;z) = 0, is shavn asa solid
circlein relationto the singlesherddatapoint, shovn asan
outlinedcircle, andnormalnP in the (r; z) plane. The t-
ting error betweernthe modelandthe sherddatais decom-
posedinto two separatéerms. (r;z) providesanapprox-
imatemeasuref the spatialdifferencebetweerthe axially
symmetricsurface and the measuredsherdsurface point.
knP r (r;2)k providesa measureof the differencebe-
tweenthe axially symmetricsurfacenormal and the mea-
suredsherdsurfacenormal.

The scalarresidual, g aq1, iS @ measureof asymme-
try resulting from the hypothesizedaxis. For a specic
axis/pro le curve model and a datapoint/normal,the er
ror betweenthe point/normalandthe closestpoint/normal
on the pro le curve modelin radialor r directionis inter
pretedasasymmetryfor a parallel of the surfaceof revo-
lution and errorin the heightor z directionis interpreted
asasymmetryfor a meridian of the surface. Fig. (3) il-
lustrategheseerrortermsgraphically spatialasymmetnjin
thedirectionsof the parallelandmeridianareindicatedwith
( r; 2z) respectiely. The axially symmetricsurface t
hasa similar errortermfor differencesn measuredurface
normalsandthe normalsof the estimatedsurfaceindicated
by knP r (r;z)k. Notethatthe estimategproducedby
this methodincorporatell of theinformationavailablein
the datawhich includesobsened variationin both of the
principal directionsof the surfaceof revolution. We do so
withoutcomputingary localinformationfrom theobsened
datawhich makesour estimationprocedureobustto noisy
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sherddata.

5 Axis/Prole Estimation

Our methodutilitizes a two-stepiterative algorithmto es-
timatethe axisandassociategbro le curve which bestde-
scribestheobsened3D data.

1. Basedon the value of the objective function after the
precedingiteration, choosea new value for the axis
parameterd,.

2. Basedon the new |, computeey, aq1, the valueof the
objectivefunctionby solvingtheweightedinearleast-
squareproblem(4). Thisis anexplicit solutionwhich
is alinearfunctionof the data.

Sincethe surfacemodeldependaiponthe axis, the result-
ing objective function is highly non-linear Consequently
cornvergenceao alocalminimummayoccurif minimization
is startedfar from thetrue parametewalue.

Theestimatioralgorithmneedonly a hypothesize@xis
of symmetryin orderto begin.

6 Experimental Results

A seriesof experimentswvererun uponthe sherdsobtained
from an excavation of the GreatTemplelocatedin Petra,
Jordan[5]. The sherdswere scannedoy a ShapeGrabber
3D laserscannemwhich providessurfacepoint andnormal
measurementr the sherdoutersurface[1l]. We present
resultson ve sherdswhich areexamplesof the familiesof
geometricallydiversesherdscommonlyfoundonanarche-
ological excavation site. For eachof thesesherdswve have
performeddetailederroranalysiswvhich we thendiscuss.
Error analysis proceedsby applying the bootstrap
methodwith a samplesize of 500. Eachbootstrapsample
usesthe samenumberof pointsandnormalsasthe original
sherddatasetandis generatedy a randomresamplingof
the sherdpoint/normaldatawherea singledatapoint may
be selectednorethanonce[3]. For eachof the 500 boot-
strapsamplesan axis/pro le curve estimateis generated.
We denotethe i bootstrapestimateasfl;; i(r;z)g. We
assumethat the resulting 500 axis/pro le curve estimates
represenindependensamplestaken from a multivariate
normaldistribution with mean andcovariance . Hence,

1Typically, our initial axis estimateis obtainedusingthe linear algo-
rithm describedn [9]. However, anadditionalvalidationstepis appliedto
detectdeggeneratesurfacesof revolution by determiningif the sherddata
is well approximatedoy a sphere hyperellipsoid, or saddlesurface. If
the sherddatais determinedo be sphericalin nature thenno axisis esti-
mated.If the sherddatalies on a saddlesurfaceor anellipsoid,thenthere
aretwo or threevalid axis estimatesespeciiely. In thesecasesadditional
informationis necessaryo determinethe true axis of symmetryfor the
sherd.
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we maycomputeanestimateof theaxis/pro le curve distri-
bution by computingthe estimatedneanb = fip (jr; z)g
andcovariancel which providesuswith anapproximation

N (b; l? of thetrue distribution of the axis/pro le curve
parametersiNote, the errorfunctionwe minimize couldre-
sultin slightly biasedestimates.Hence,the mostimpor-
tantuseof the bootstrapresultsis estimatingthe posterior
probability densityfunctionfor the axis/pro le curve given
the3D measuremerdataset. Thisinformationseemgo be
veryimportantin decidingonthecon dencethesystencan
have in hypothesized¢on gurationsof sherdswhichis cru-
cial in potassemblyfrom sherds Understandinghe biasin
theestimatess obtainedby looking atthe 3D-measurement
datascatteraboutthe maximumlik elihood estimateof the
axis/pro le-curve speci ed 3D surface.

For the purposeof comparingresultsbetweersherdsof
differentshapesand sizeswe de ned a global coordinate
systemin which to analyzethe axis/pro le curve parame-
tersfor all sherds. This coordinatesystemtransformsthe
sherddatasuchthatthe meanestimatedaxis,P, is theworld
coordinatez-axisandthe sherddatacentroidlies on the x-
axis.

Threesetsof informationarepresentedvith animageof
eachmeasuredherd: 1) covariancematrix for axis param-
eters(my; b ; my; by); 2) threepro le curves,eachassoci-
atedwith an axis estimaterepresentinga 95% con dence
interval for the axisestimates3) A plot of the standardie-
viation of the laserscan3D datapointswith respecto the
meanpro le curveestimateasafunctionof height,z, along
themeanestimateof the pot axis.

In orderto computethe 95% con dence interval, the
slopeparametersf the axis, (my; my), from (2) werenor-
malized by the height extent of the sherd. The new axis
parametrizatioris givenby (5).

- m
X = ZXz+ by

y = rz—oyz+@ ©)

Herezy denoteghe heightrangespannedy the pro le of
a sherdwith respecto it's meanestimatedaxis. This nor-
malizationchangesheaxisslopeparametergm, ; my) into
parametersvhichrepresenthechangen axisdirectionasa
percentagef the sherdheight. This providesa meaningful
measurevhich hasunits, 25" deght for thosecompo-
nentsof theeigervectorwhich characteriz¢hedirectionsof
the axis. For the parametemy, the normalizedparameter
n;_: representshe changen axisdirectionin the XZ-plane
asthe ratio of a percentagef the sherdheight per incre-
mentalstep, X, in thedirectionof the x-axis: %
Having normalizedour axis directionalparametersye
proceedy takingthe eigervectorassociatedvith the max-
imum eigervalue of the axis parameteicovariancematrix

and chooseparameteravhich are at the two endsof the
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95% con denceinterval in the direction of the eigervec-
tor (showvn in blueandgreen),andthe third axis parameter
vectoris the meanof the distribution (in red). The three
pro le curvesshown arethoseassociatedvith thesethree
axesrespectiely.

An additional gure (9) is provided to provide per
spectve on the axis estimatesvhich are obtainedvia our
method.For Figs. (4-8), plottedpro le curvesarezoomed
to accentuatéhe sourceof the smallobserederrorsin the
estimates. Since variationstypically range between0.3-
0.001 mm., without zoomingin closelyto examinesmall
uctuations, it is dif cult to discernary variationin the
three95%con denceinterval pro le curvesfor asherd.

In Fig. (9), we shav anon-scaledrersionof theoriginal
3D datapointswhich have beenrotatedinto the(r; z) plane.
The y-axis is height along the estimatedaxis, and the x-
axisis distancefrom the estimatedsherdaxis for each3D
datapoint. Thebestaxisestimatewill bethatfor whichthe
scatteris smallestlocally in the direction perpendiculato
thetruesurface.Thedatascatterfor sherd967and1313is
shavnin Fig. (9). Whatis amazings thesmalldatascatter
especiallyin Fig (9a) wherethe sherdis almosthorizontal
with respecto it's estimatedaxis. Qualitatve con dencein
the axisdirectionestimationis obtainedby observingrings
ontheinsideof the sherdresultingfrom potconstructioron
aspinningwheel.

0.0290 | -0.1748 | -0.0034 | 0.0264
-0.1748 | 1.6484 | 0.0389 | -0.3441
5 :*‘*\,/ -0.0034 | 0.0389 | 0.0013 | -0.0109
; 0.0264 | -0.3441 | -0.0109 | 0.0979
(a) sSherdmage (b) Axis parametersovariancematrix (mm.)
Vi )
/ 4
7 &/ [‘ —
////( R e
///

(¢) 95%con denceintenal (mm.)

(d) standardieviation (mm.)

Figure5: ExperimentaResultsfor sherd967

0.0979 | -0.5373 | -0.0255 | 0.1404
-0.5373 | 2.9906 | 0.1406 | -0.7820
-0.0255 | 0.1406 | 0.0069 | -0.0380
0.1404 | -0.7820 | -0.0380 | 0.2111

0.0111 | -0.0661 | 0.0002 | -0.0005
-0.0661 | 0.4179 | -0.0004 | -0.0022
0.0002 | -0.0004 | 0.0002 | -0.0015
-0.0005 | -0.0022 | -0.0015 | 0.0100

(a) Sherdmage (b) Axis parametersovariancematrix (mm.)

]

(€) 95%con denceintenal (mm.) (d) standardieviation (mm.)

Figure4: ExperimentaResultsfor sherd654

Fig. (4) : the sherdpro le curve hasa simple shape
which is commonlyassociatedvith body sherdsfound at
a typical archaeologicaéxcavation. Since curvaturesare
smallin directionof both sherdmeridiansandsherdparal-
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(a) Sherdmage (b) Axis parametersovariancematrix (mm.)

(¢) 95%con denceintenal (mm.) (d) standardieviation (mm.)

Figure6: ExperimentaResultsfor sherd997

lels, axis estimatesherearedif cult. Our accuray in es-
timating the axis of this piece demonstratesobustnesso
datanoise.

Fig (5) : thesherdhasparallelswith smallcurvaturesyet
the meridiansof this sherdhave signi cant curvatureinfor-
mation. Sincethis pieceis very small,hasamultiple-valued
pro le curve, and hasnormalswhich are closeto parallel
to the axis of symmetry estimationhereis especiallydif -
cult for methodsbasedon surfacenormallines. Sinceour
methodincorporatesnormal information differently, these
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0.0042 | -0.0026 | 0.0001 | 0.0004
-0.0026 | 0.0031 | 0.0003 | -0.0004
0.0001 | 0.0003 | 0.0002 | -0.0001

; 0.0004 | -0.0004 | -0.0001 | 0.0002
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(€) 95%con denceintenal (mm.)

(d) standarcieviation (mm.)

Figure7: ExperimentaResultsfor sherd1135

w 0.2317 | -0.0771 | 0.0193 | -0.0076
: -0.0771 | 0.0715 | -0.0078 | 0.0058
= 0.0193 | -0.0078 | 0.0088 | -0.0027
?‘g -0.0076 | 0.0058 | -0.0027 | 0.0022
(a) sSherdmage (b) Axis parametersovariancematrix (mm.)

N,

] N
)\
/

(€) 95%con denceintenal (mm.) (d) standardieviation (mm.)

Figure8: ExperimentaResultsfor sherd1313

apparenbbstaclesdo not causeproblemsfor our axis es-
timation method. Uncertaintyin the axislocationis repre-
sentecby parallelpro le curvesin (c) andagainin (b) by
examining elements(2,2) and (4,4) of the axis parameter
covariancematrix.

Fig (6) : the sherdherehassmallcurvaturesalongsherd
parallelsand a small region of high curvaturealongsherd
meridians.As in Fig. (5), we seethatwhenthereis little
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(a) po67dataprojection(mm.) (b) p1313dataprojection(mm.)

Figure 9: Sherddataprojectedinto (r; z) planeusingthe
meanaxisestimate.

data(i.e. a small sherd)combinedwith small curvatures
in the directionof the sherdparallels,it is dif cult to ac-
curatelyestimatethe axis location. This is evidentin the
paralleltranslationf thepro le curvesin (c) aswell asin

(b) by examiningthe covariancematrix. This leadsto an

importantinference:Shedswhich havelittle datawith re-

spectto their subtendedngle aboutthe axis of revolution
and small curvatuesin the directionof the surfaceparal-

lels havemore variation in their axis location parametes

(be;by).

Fig (7) : the sherdherehashighly curved parallelsand
meridians.Yet the sherdridgesare chippedandworn (see
part(a)) whichgeneratesa largeamountof asymmetriclata
measurements.Our axis/pro le curve estimateshere are
very accuratevhich re ects goodrobustnesgo asymmetry
in regionsof high curvatureandto local surfacenoise.

Fig. (8) : the sherdhashigh frequeng informationin
the sherdmeridiansin the form of a ripple andtwo high
cunaturepointsattheapparenpotrim (see(a)). Sincethe
large majority of the sherdis well approximatedoy an el-
lipsoid (see(c)), determininga unqueaxis directionhereis
dif cult andreliesalmostexclusively ondatameasurements
obtainedattherim. Our methodusegheglobalsherdinfor-
mationto provide an accurateandstableaxis/pro le curve
estimate.

7 Pot Reconstruction

Denote(all) the available geometricdataby i; , which
consitsof the break-cure data ;; andthe surfacedata
ij » thisfor sherds andj . Thenalignmentandpotmodel
estimationfor sherdi andj datasetsjointly is doneby the
minimizationover all geometrigparameters:

min[ logPf i j
ij JTi;Tig logPf

i i TisTys 0=
i I T Tl gdl=
er + €yrad1 + CONStant

min[ logP f

whereer is an enegy function of the sherdboundary
data.Thegeometriqparameterberearethejoint sherdaxis
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lij , thejoint sherdpro le curve j; , the breakcurve j;
sharedby sherdi andsherdj (i.e. the curve on the pot
surfacealongwhich sherds andj broke)andT; andT;
which arethe Euclideantransformationso putsherds and
j , respectiely, togetherto estimatea pot modelin standard
position,i.e.,having it' saxisasthez-axisof theworld coor
dinatesystem Maximizationof (6) is MLE (maximumlik e-
lihood estimation)of the geometricparameter$or the con-
guration of sherds andj . (6) is our sherd-con guration
performancdunctional. It extendstrivially to largecon g-
urationsof sherds.MLE pot reconstructions nding con-
gurations for which (6) is a maximum. The implemented
algorithmusesapproximationgor doingthe minimization,
is computationallyfast, andis reasonablyaccuratefor the
few exampledried. Note,theapproximaterobabilityfunc-
tionsto be usedin (6) areobtainedfrom the bootstrapping
describedn 86 : (see[4] for how to specify(6) in termsof
theoriginal datapoints).

8 Conclusion

We have presented highly accuratemethodfor automati-
cally estimatingaxially symmetricsurfacemodelsfor dense
3D laserscannerdatataken of pot sherds. The end re-
sultis anaxis/pro le curve pair for a sherd,andthis com-
pletely speci esthe sherdsurfacegeometry If desiredthe
accurag of an estimatecan be even further improved by
not usingdata,in the estimationprocedurethat occursat
high-cunaturepoints on the sherdsurface. This datacan
be easilyautomaticallyidenti ed by detectingdataoutliers
with respectto the pro le curve modelsthat we presently
estimate.Our axis/pro le curve estimatesare closeto be-
ing maximumlik elihoodestimatesandshouldthereforebe
closeto maximumaccuray becauseMLEs are known to
be asymptoticallyof minimumvariance andthe numberof
datapointswe usein estimatingsherdgeometryis of the
orderof 10,000.We estimatednultivariateGaussiardistri-
butionsfor the sherdaxis andfor someof the sherdpro le
curveparametersandrelatedsomeaspect®f sherdgeome-
tries to thesedistributions. Finally, thesedistributionsare
importantfor pot reconstructiorbecausehey tell the re-
constructioralgorithmhow muchcon denceit canhavein
variousestimatedparametersThis materialis basedupon
work supportedoy the National ScienceFoundationunder
GrantNo. 0205477.
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