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Abstract

This paper describes a new, novel low computational-cost
approach for recovering geometric structure and pose in-
formation of a 3D surface rotationally symmetric about an
axis given an unorganized set of 3D range data which cov-
ers only a small patch of the surface. Self occluding con-
tours are not seen here. All the parameters necessary to
completely define the corresponding surface are estimated.
The estimated parameters of the data patch consist of a line
describing the axis and a set of parameters which describe
the profile curve with respect to the axis. Global algebraic
surfaces and local splines consisting of frustrums of cones
are used as models for the surface estimation.

1. Intr oduction
With great strides in recent technologyof 3D scanners
[1] and 3D surfacereconstructionfrom a moving camera
[10], thereis greatinterestin 3D objectsurfacerepresen-
tation and the inferenceof signi�cant 3D structurefrom
noisy cloudsof unorganizeddata. Whereasit is not dif-
�cult to estimatea smoothinterpolationusing B-splines,
unconstrainedalgebraicsurfaces,Fourier series,or other
representation,thechallengeis to estimatestructurewhich
is important for interpretation,recognition,or manipula-
tion, and this usually meansconstrained representations.
Among theseare the quadricsurfaces(spheres,cylinders,
cones,planes)and the generalizedcylinders (a crosssec-
tional curve sweptalongan axis). Among the generalized
cylinders,thesimplestandmostfrequentlyencounteredis
the circular crosssectionalgeneralizedcylinder wherethe
circleplaneis perpendicularto a straightaxisandcircle ra-
dius variesasthe circle is sweptalong the axis. In many
applications,the entiregeneralizedcylinder is seenwithin
an imageand the circle radiuscan be reliably estimated
from theself occludingcontours(thesilhouette)in the im-
age. In other applications,this will not work, either be-
causethe self occludingcontoursarenot seenor because
thecamerais verycloseto thegeneralizedcylinderandthe

occludingcontoursin asingleimageareinsuf�cient for de-
termining the radius. In this paper, we deal with estima-
tion of the generalizedcylinder when the occludingcon-
tours are not seenand the senseddataconsistsof x, y, z
pointsmeasuredby a 3D scanner, a VitanaShapeGrabber
[1] in our case. This is then the problemof estimatinga
surfacewhich is rotationallysymmetricaboutanaxisfrom
apatchof noisymeasurementdataof thesurface.Whenthe
patchis small,estimatingthecylinderaxisandradiusfunc-
tion for the patchis a formidablechallenge. Thereare 3
considerationswhich make this seeminglysimpleproblem
asigni�cant challenge:

1. Estimationof a small data-patchaxis. If the patchis
small, the axis orientationis not apparent,andoften
estimationresultsin two or eventhreesolutionswhich
mustberesolvedby additionalinformation.

2. Estimatingthe shapeof the pro�le curve (seesection
3.1) is not dif�cult if the data-patchaxis canbe esti-
mated.But estimatingthedistanceof thepro�le curve
from theaxisis equivalentto estimationof thesurface
curvaturein thedirectionperpendicularto theaxis,and
this is achallengewhenthedatapatchis small.

3. Forgreatestestimationaccuracy, theobjectivefunction
minimizationfor 3D surfacemodelestimationis non-
linear numericalminimization. The objective func-
tion is highly multimodal,i.e.,hasmany localminima.
Gettinga computationallyfastestimateof the global
minimumis thechallengehere.

Amongtheapplicationswherethis situationarisesare: es-
timationof the3D surfaceshapefrom a small fragmentof
a pot that hasbeenmadeon a potter's wheel for archae-
ology applicationssuchasreconstructionof a mathemati-
cal modelof a pot from fragments;estimationof a manu-
facturedor architectural3D structurewhenthestructureis
only a portionof thegeneralizedcylinder, i.e., thestructure
is thatportionof ageneralizedcylinder thatliesononeside
of a planewhich slicesthroughthe cylinder parallel to its
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axis; or thestructureis a portion of a generalizedcylinder
wheretheself occludingcontoursarenot presentin anim-
ageor 3D measurementsetbecauseof occlusionby other
objects.

1.1. RelatedWork
Much work hasbeendedicatedto the generalproblemof
inferring object poseand shapefrom 3D rangedata. In
[3], it is pointedout thatgeneralizedcylindersareeffective
modelsfor shaperecognitionandrepresentation.A classic
referenceon the useof generalizedconesfor shaperepre-
sentationmay be found in [5]. Nevatia et. al. have intro-
ducedmethodsof estimatingtwo categoriesof generalized
cylinders,usingonly their self-occludingcontoursfrom se-
quencesof images[6]. In [4], straighthomogeneousgener-
alizedcylinders,(SHGCs),areestimatedby extractingob-
jectcontoursandapplyingashape-from-shadingtechnique.
In contrastto both of theseapproaches,modelsestimated
hereare very speci�c, i.e. straighthomogeneousgener-
alized cylinders with circular crosssection,and the self-
occludingcontoursare assumedto be missing. Potmann
et. al. have usedconceptsdevelopedin algebraicgeome-
try, Plücker coordinates,to provide a novel linear solution
to estimatingaxially symmetricgeometryfrom 3D range
datain [7]. However, this methoddoesnotuseanobjective
functionthatmakesfull useof the informationin thedata,
andthe resultingestimatesarenot asaccurateaspossible.
This is a seriousdrawbackif thedatais noisyor theobject
surfaceis not perfectlyaxially symmetricwhich is thecase
in mostapplicationsof interest.We usetheir solutionasa
startingestimatein our approach.

2. Axially Symmetric Surfaces
A surface,rotationallysymmetricaboutanaxis,which we
refer to as “axially symmetric,” is a surface that can be
parametrizedas

X (r (z); � ; z) = (r (z) cos� ; r (z) sin � ; z) (1)

In theliterature,this is a specialcaseof a SimpleHomoge-
neousGeneralizedCylinder, SHGC,onewhichhascircular
crosssection.Herethesurfaceaxisis thez-axis,r (z) is the
radiusfunction– it variesasafunctionof z – and� takesall
valuesbetween0 and2� . Thegraphof r (z) is, in theliter-
ature,referredto astheobjectoutline, thegenerating con-
tour, or theprofile curve. In (1), theradiusfunctionr (z) is a
single-valuedfunctionof z. In thispaper, wegeneralize(1)
andconsiderpro�le curve (r; z) wherer maytakemultiple
valuesfor oneor morevaluesof z. We treattwo represen-
tationsfor r (z), onebeingalinearspline(i.e. asequenceof

straight-linesegments),andthe otherbeinga planaralge-
braiccurve (i.e. a planarimplicit polynomialcurve). Note,
in theformercase,thesurfacerepresentationis a sequence
of frustrumsof cones,whereasin thelattercasethesurface
is analgebraicsurfaceconstrainedto beaxially symmetric.
Theproblemof interestis: givenanunorganizedsetof 3D
measuredpointsof a small patchof a larger axially sym-
metric surface,estimatea surfacegeometrymodel for the
patch.We see that this geometry is completely specified by
an axis in 3D and a profile curve with respect to that axis.

3. Modelsand ObjectiveFunctions
Theposeof arotationallysymmetricobjectis de�ned up to
a sign by theaxisof symmetry. We have parametrizedthe
axisof symmetryusingthestandardparametricequationof
a line:

l = �!v t + �!q o

Thisequationrequires5 parameters,3 whichspecifyapoint
�!q o, and2 which de�ne theunit vector�!v in thedirection
of theline by specifying2 anglesin sphericalpolarcoordi-
nates.Takingtheaxisof symmetryto bethez-axisin anr -z
plane,thepro�le curve is speci�edasa curve in this plane.
We studytwo modelsfor a pro�le curve.

1. A piecewise frustrumsof conesapproximationof the
3D surface. This model usesa continuoussequence
of straightline segmentsto representthepro�le curve.
For L line segments,thecompletepro�le curveis then
givenby:

r (z) =
L[

i =1

ci z + wi (2)

Herethez-axisis partitionedinto L intervals,astraight
line having parameters( ci ; wi ), speci�es the line in
the i th interval, and adjacentline segmentsmeet at
the interval boundarypoints (seeFig. 3). If r (z)
takes more than one value for some values of z,
a parametrizationand partition as a function of arc
lengthis used.

2. A globalimplicit polynomialapproximationof the3D
surface.This modelusesa singleimplicit polynomial
curve to representthe pro�le curve. The resultingIP
pro�le curve model of degreen takes the following
form:

f n (r; z) =
X

0� j + k � n ; j;k � 0

aj k r j zk = 0 (3)

Expandingthis form, wehave:

a00+ a10r+ a01z+ : : :+ an 0r n + a(n � 1)1 r n � 1z+ : : :+ a0n r n = 0
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(a) (b) (c)

Figure1: Axially SymmetricGeometry

(a)collectionof rangepoints(b) surfacewith iso-contoursorientedabouttheaxisof symmetry( �!v t ; �!q t
o)t (c) 2D

representationof theshapeby meansof its pro�le curvewith respectto its axisasthez-axis.

3.1. 3D Surface Estimation Reduced to 2D
CurveEstimation

Theproblemasstatedrequirestheestimationof a 3D sur-
face.However, aswe have shown, a 3D axially symmetric
surfaceis completelyspeci�edvia its axisandcorrespond-
ing 2D pro�le curve. In this section,we show that �tting a
sequenceof frustrumsof conesto 3D datacanbereducedto
�tting a sequenceof linearsplinesto 2D data.Fitting alge-
braicsurfacesto 3D dataalsoreducesto a 2D curve-�tting
problem,but that reductionis moresubtleanda bit more
complex. We illustrate this by showing that the objective
function to be minimizedfor 3D surface�tting reducesto
anobjective-functionminimizationfor 2D data.

Figure2: A modelinvolving 2 line segments(L = 2)

1. Fitting a sequenceof frustrumsof cones. Consider
Figs. 1(a) and 2 wherethereis a hypothesizedaxis
speci�edby vector(�!v t ; �!q t

o)t , andin thelatter�gure,
a hypothesizedsequenceof two frustrumsof cones.

The objective function to be minimizedis thesumof
squaredperpendicular distances from the datapoints
to the hypothesizedsurface. Hence,considerthe i th

datapoint. This point lies in theplanedeterminedby
the point and the hypothesizedsurface-axis,and the
perpendiculardistanceis measuredwithin this plane.
This perpendiculardistanceis simply theperpendicu-
lar distanceto thehypothesizedpro�le curve. Hence,
considera local orthogonalcoordinatesystem( r; z)
wherethez line is thehypothesizedsurfaceaxisandr
is the distanceto a point in the directionperpendicu-
lar to thez line. In this coordinatesystem,thei th data
pointhascoordinatevector( r i ; zi )t . Then3D surface
�tting becomes2D linear spline�tting to a scatterof
2D datapointsin an(r; z) planeasin Fig. 2. In 2D,
theerrormeasureis thesumof squareddistancesfrom
eachdatapoint to its appropriatestraight-linesegment.

2. Fitting an axially-symmetricalgebraicsurface. If the
objectivefunctionusedin �tting weresimplyalgebraic
distance,argumentsanalogousto thosefor �tting ase-
quenceof conic frustrums,case1 above, lead to the
conclusionthat the 3D objective function is equalto
the sumof squaredalgebraicdistancesfor algebraic-
curve �tting to the scatterof points in a planeas in
case1. However, an additionalcomplicationis that
for thei th datapoint theGradient-1objectivefunction
(seesection3.3) includesa quadraticterm involving
theunit vector, �!ni , which is perpendicularto themea-
sured3D surfaceat the i th datapoint. This unit nor-
mal is the unit normal to a 3D hyperplane�t to the
measureddatain a smallneighborhoodof thei th data
point. In general,this unit vectorwill not lie in the
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planedeterminedby thei th datapointandthehypoth-
esizedsurfaceaxis.Henceits contributiondependson
its orthogonalprojectioninto this planeandits com-
ponentorthogonalto theplane.Theequivalentobjec-
tivefunctionfor 2D algebraiccurve�tting involvesthe
projectionof theunit vectorinto theplaneandthispro-
jectionhaslengthlessthan1. Theresultingobjective
functionis slightlydifferentthantheobjectivefunction
usedin standardGradient-1algebraiccurve�tting [8].

3.2. Fitting Local Spline SurfaceModels
With this model,we are estimatingthe pro�le curve asa
continuoussequenceof L piecewise linearsegments.This
is equivalentto estimatingthe3D surfaceasa sequenceof
conicfrustrums(seeFig. 2).

In this treatment,the2D (r; z) dataspaceis dividedinto
L layersof equalsize.Eachlayeris thesubsetof datapoints
lying betweenapairof linesperpendicularto thez axis,see
Fig. 3.

Figure3: Continuoussequenceof linearsegments(L = 5).

Note,a low-computationlinear leastsquares�t to each
datalayer is possibleby �tting lines independentlyto each
layer, but the resultinglines may thennot intersectat the
layer boundaries,i.e. at z1; z2; : : :. The resultingrepre-
sentationis not as good as that for which line segments
areconstrainedto intersectat thelayerboundarypointszi .
We usethe constrained�tting wherethe error minimized
is thesumof squareddistancesfrom eachdatapoint to the
line segmentin its layer. The parametersto be estimated

areoneradiusvalue,e.g.,r 1, andthe anglesfor eachline
segment, � 1; � 2; : : : ; � 5 in Fig. 3. The objective func-
tion to be minimizedfor M layersandN i points in layer
i is (4) (above) where (zil ; r il ) are z and r components
respectively of the l th datapoint. Unfortunately, this re-
quiresnon-linearnumericalminimizationover theparame-
ters(r1; � 1; : : : ; � M ).

Furtherimprovementis obtainedby estimatingan opti-
mal setof layer boundarypointsz1; : : : ; zM . In this case
thestrategy to befollowedconsistof ahierarchicaltwo-step
minimizationprocedure.

1. First keepa partitioning con�guration f z1; : : : ; zM g
�x ed,and�nd theoptimal line segmentsequencethat
�ts thedataaccordingto suchpartitioning.Thismeans
to optimizewith respectto f r 1; � 1; : : : ; � M g.

2. Thencorrectthe Z -partitioning in order to minimize
theglobalerror.

Thesetwo stepshave to beiterateduntil convergence.

3.3. Global Algebraic SurfaceModels
Implicit polynomial curves provide a compactand low
computational-costmethod of representingshape[8, 9].
The explicit linear least-squaressolution �tting methods
that have beendevelopedprovide stableand robust poly-
nomial �ts in the presenceof noise[8, 2]. We apply the
Gradient-1�tting algorithmrecentlydevelopedby Tazdizen
et. al. [8]. For a pro�le curve modelof degreen thereare
p = (n +1)( n +2)

2 unknown coef�cients. Theform in (3) can
be representedasthe inner productof an unknown coef�-
cientvector, Z , anda known monomialvectorY :

Z =
�

a00 a10 a01 � � � an 0 a(n � 1)1 � � � a0n
� t

Y =
�

1 r z � � � r n r (n � 1) z � � � zn
� t

Usingthis representation,(3) is:

f n (r; z) = Y t Z

TheGradient-1�tting algorithmmakesuseof thegradient
of f n (r; z) in order to get a more stableestimateof the
curve. As describedin section3.1 case2, for the i th 3D
datapoint thereis an associatedestimatedsurfacenormal
�!ni . This normalcanbe decomposedinto a componentnp

i
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in the(r; z) planeandacomponentorthogonalto theplane.
Notethatknp

i k � 1. We usea modi�ed versionof theen-
ergy function (5) de�ned in [8] for estimatingthe pro�le
curvecoef�cients.

egr ad =
mX

i =1

(f n (r i ; zi )2 + � knp
i � r f n (r i ; zi )k2) (5)

where

r f n (r i ; zi ) = r Y t Z =
� @Y

@r
@Y
@z

�

2� p

�
a00 � � � a0n

� t
p� 1

In (5), � is a weightingparameterwhich providesa more
stableestimatef n (r; z) by forcingf n (r; z) to haveagradi-
entcloseto thenormalnp

i . As shown in [8], this is a linear
leastsquaresproblemwhichmaybeput in matrix form and
hasanexplicit solutionincurring little computationalcost.
In summary, �tting a 2D algebraiccurve in this reference
planeis equivalentto specifyingthe3D surface.

4. Estimation Computation-Algorithm
Thenon-lineariterativeminimizationnecessaryfor estimat-
ing the surfaceparametersis similar for both methods3.2
and3.3.Eachiterationmaybedecomposedinto 2 steps:

Figure4: Two-stepiterativeminimizationprocedure.

1. Basedon thevalueof theobjective function after the
precedingiteration,chooseanew-valuefor theparam-
etervector(�!v ; �!q o) specifyingtheaxisof symmetry.

2. Estimatethebestparametervaluesfor thepro�le curve
with respectto this axisusingthemethoddescribedin
(3.2)or (3.3).

Theobjective functionsde�ned in bothmethodsarehighly
non-linear. Consequently, convergenceto a local minimum
may occur if minimization is startedfar from the true pa-
rametervalue.Theinitializationof theestimationalgorithm
needsonly a hypothesizedaxisof symmetryin orderto be-
gin. We usetheinitializationgivenin thenext section.

4.1. Initialization
Theinitial estimate of theaxisof symmetryis computedas
an explicit expression resultingfrom a linear leastsquares
formulationin Plückercoordinatesasgivenby Pottmannet.
al. [7]. In thisapproach,theauthorsconsiderthesetof nor-
mal lineseachde�nedby adatapointandits corresponding
normal(seeFig. 5). If eachpoint lies on theaxially sym-
metricsurface,eachof theselineswill intersecttheaxisof
symmetryat somepoint. Unfortunately, the lines do not
intersectthetrueaxiseitherbecausethemeasurementdata
is noisyanddoesnot lie on the truesurfaceor becausethe
surfaceis notexactlyaxially symmetric.Thegoalof theau-
thorsis to �nd thestraightline thathasminimumdistanceto
this setof normallines. UsingPlücker coordinates,theau-
thorspresenta linearleast-squaressolutionto this problem
involving SVD of acovariancematrix.

Figure5: Plückercoordinatenormalline solution

Unfortunately, theaccuracy of thismethoddependsentirely
uponthereliability of theestimatednormalvectors.Results
maybepoor in thepresenceof noise,if normallinesexist
which areapproximatelyparallel to the axis of symmetry,
or if all normallinesroughlyintersectatapoint,ashappens
if themeasuredsurfacepatchis onasphere.For thisreason,
we usethis solutiononly asa low computation-costinitial
startingpoint. Hereafter, the algorithmsappliedmake use
of both themeasuredrangepointsandthesurfacenormals
to re�ne theinitial guess.

5. Experimental Results
Experimentswereperformedusingdataobtainedfrom a3D
CT scanof a potterysherd(i.e. fragment).The outersur-
facepointswereisolatedandusedasinput to theestimation
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algorithmusingmethod3.2 with 5 linear splinesegments
(seeFig. 6).

(a) (b)

Figure6: (a) imageof CT scandata(b) isolatedoutersur-
facedata(shown in white).
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(a) (b)

Figure 7: (a) estimatedlinear spline pro�le curve using
methodof section3.2 (L = 5) (b) axially symmetricso-
lution via method3.2 with 3D dataoverlaid (in white) on
thesolution.

As shown in Fig. 7(a), the linear segmentseffectively
representthe the local shapeof the data. Adaptive subdi-
vision of thespaceallows usto exploit any local linearities
in the surfacewhich can producevery ef�cient represen-
tationswhen dealingwith objectswhich may include �at
areas. Ideally, the datascatteraboutthe estmatedpro�le
curve would have 0 extent. The fact that it doesn't is be-
causethereis somenoisein the measureddataor the sur-
faceis not perfectlyaxially symmetricor theaxisestimate
is slightly in error. Fig. 7(b) shows thesurfaceassociated

(a) (b)

Figure8: Solution1 (a) estimated5th degreepro�le curve
usingmethodof section3.3 (b) axially symmetricsolution
via method3.3 with 3D dataoverlaid(in white) on theso-
lution.

(a) (b)

Figure9: Solution2 (a) estimated5th degreepro�le curve
usingmethodof section3.3 (b) axially symmetricsolution
via method3.3 with 3D dataoverlaid(in white) on theso-
lution.

with theestimatedlinearsplinemodeltransformedinto the
original coordinatesystemof the data. Of particularnote
is thefact that thebumpon theupperrim of theobjectdid
not signi�cantly effect thesurfaceestimate,demonstrating
somerobustnessto surfaceswhich arenot perfectlysym-
metric.

Figures8 and9 illustratethat if thedatapatchis small,
one may have to considertwo or more pairs of axes and
correspondingpro�le curvesfor thedatapatch,andchoose
theappropriatepair laterusingadditionalinformation. We
computethesemultiple solutionsby using,whenappropri-
ate,upto two suboptimalinitial solutionsobtainedfrom the
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approachin section4.1.

(a) (b)

Figure10: (a) experimentalobject (b) object is occluded,
andonly asmallsurfacepatchis observableto the3D scan-
ner.

A secondexperimentwasperformedusingdataobtained
from Vitana's ShapeGrabberlaser range�nder (seeFig.
10). As shown in Fig. 10(a), the subjectwas an object
with roughsurfacetextureandimperfectsymmetry. Before
scanning,all of the objectsave a small portion of the up-
perhalf wasoccludedfrom themeasuringdeviceasshown
in Fig. 10(b). The resultingdatarepresentedboth the oc-
cludingobjectsandour testobject. The datapertainingto
our testobjectwassegmentedsuchthatonly surfacepoints
of interestremained(seeFig. 11(a))which werethenused
asinput to theestimationalgorithmusingmethod3.3. As
shown in Fig. 11(b),theresultingsurfacereconstruction�ts
closelytheoriginal rangedata.Evidentin modelis thatthe
estimatedcurve closely modelsthe local curvatureof the
surface. In addition,this modelhasthe bene�t of beinga
muchmorecompactrepresentationof the shape.The 5th

degree2D IP requiresonly 21 parametersto representthe
globalshapeof theobjectof interestwhichclearlyhassome
complex surfacegeometry. Notethatr (z), theradiusfunc-
tion, is multivaluedbecausethe top of the pot andimme-
diateinsidesurfacearemodelled.Theestimatedgeometry
is completelycapturedby anestimatedaxisandassociated
pro�le curvefor thedatapatch.

6. Summary and Conclusions
We have introducedtwo new methodsfor simultaneously
estimatingtheposeandshapeof a smallpatchfrom anax-
ially symmetricobjectusing3D datathatdoesnot include
the self occludingboundary. Thesemethodsgenerateac-

curateandcompactrepresentationsof a possiblycomplex
andimperfectobject.For illustrativepurposes,experiments
havebeenpresentedwith eachmethodusingdifferentkinds
of input data (i.e. 3D CT scandataand 3D laser range
data),demonstratingthat themethodsarepracticalandac-
curate,evenwhenthedatapatchsubtendsonly a smallan-
glearoundtheobjectaxis. In addition,althoughsomenon-
linearminimizationis necessary, thecomputationalcostof
thesemethodsarenot excessive. An extensionin progress
of this work is computationof a covariancematrix for the
estimatedpatchaxisandpro�le curve. Thiscanbeobtained
approximatelyfrom the Hessianof the objective function
minimized in the estimation. We seethis work as a step
alongthevery importantpathof pulling outusefulgeomet-
ric structurefrom cloudsof unorganized3D datapoints.
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(a) (b) (c) (d)

Figure11: (a) isolatedpatchof rangedata(in white) (b) estimated5th degreepro�le curve (c) estimated6th degreepro�le
curve(d) reconstructed3D surfacewith datasuperimposed(alsoin white).
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