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Abstract

This paper describes a new, novel low computational-cost
approach for recovering geometric structure and pose in-
formation of a 3D surface rotationally symmetric about an
axis given an unorganized set of 3D range data which cov-
ers only a small patch of the surface. Self occluding con-
tours are not seen here. All the parameters necessary to
completely define the corresponding surface are estimated.
The estimated parameters of the data patch consist of a line
describing the axis and a set of parameters which describe
the profile curve with respect to the axis. Global algebraic
surfaces and local splines consisting of frustrums of cones
are used as models for the surface estimation.

1. Intr oduction

With great stridesin recenttechnologyof 3D scanners
[1] and 3D surfacereconstructiorfrom a moving camera
[10Q], thereis greatinterestin 3D objectsurfacerepresen-
tation and the inferenceof signi cant 3D structurefrom
noisy cloudsof unomanizeddata. Whereasit is not dif-
cult to estimatea smoothinterpolationusing B-splines,
unconstrainedilgebraicsurfaces,Fourier series,or other
representatiorthe challengeis to estimatestructurewhich
is importantfor interpretation,recognition,or manipula-

tion, and this usually meansconstrained representations.

Among theseare the quadricsurfaces(spheresgcylinders,
cones,planes)andthe generalizectylinders (a crosssec-
tional curve sweptalongan axis). Among the generalized
cylinders, the simplestand mostfrequentlyencountereds
the circular crosssectionalgeneralizectylinder wherethe
circle planeis perpendiculato a straightaxisandcircle ra-
dius variesasthe circle is sweptalongthe axis. In mary
applicationsthe entiregeneralizectylinder is seenwithin
an image and the circle radius can be reliably estimated
from the self occludingcontours(the silhouette)in theim-
age. In other applications,this will not work, either be-
causethe self occludingcontoursare not seenor because
thecamerds very closeto the generalizedylinder andthe
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occludingcontourdn asingleimageareinsufcient for de-
termining the radius. In this paper we deal with estima-
tion of the generalizeccylinder when the occluding con-
tours are not seenand the senseddata consistsof X, y, z
points measurecy a 3D scannera Vitana ShapeGrabber
[1] in our case. This is thenthe problemof estimatinga
surfacewhich is rotationallysymmetricaboutan axis from
apatchof noisymeasuremertataof the surface.Whenthe
patchis small,estimatinghe cylinder axisandradiusfunc-
tion for the patchis a formidable challenge. Thereare 3
considerationsvhich make this seeminglysimple problem
asigni cant challenge:

1. Estimationof a small data-patchaxis. If the patchis
small, the axis orientationis not apparentand often
estimatiorresultsin two or eventhreesolutionswhich
mustberesohedby additionalinformation.

2. Estimatingthe shapeof the pro le curve (seesection
3.1)is not dif cult if the data-patchaxis canbe esti-
mated.But estimatingthedistanceof thepro le curve
from theaxisis equivalentto estimationof the surface
cunvaturein thedirectionperpendiculato theaxis,and
thisis a challengewhenthe datapatchis small.

3. Forgreatesestimatioraccurag, theobjectivefunction
minimizationfor 3D surfacemodelestimationis non-
linear numericalminimization. The objective func-
tion is highly multimodal,i.e.,hasmary localminima.
Getting a computationallyfast estimateof the global
minimumis thechallengenere.

Amongthe applicationswherethis situationarisesare: es-
timation of the 3D surfaceshapefrom a smallfragmentof
a pot that hasbeenmadeon a potter's wheel for archae-
ology applicationssuchas reconstructiorof a mathemati-
cal modelof a pot from fragments;estimationof a manu-
facturedor architecturaBD structurewhenthe structureis
only aportionof thegeneralizeaylinder, i.e., thestructure
is thatportionof ageneralizeaylinder thatlies on oneside
of a planewhich slicesthroughthe cylinder parallelto its

Extracting Axially SymmetriciGeometryFromLimited 3D Rang Data 1

Brown University TechnicaReport,Decembe2000



axis; or the structureis a portion of a generalizecylinder
wherethe self occludingcontoursarenot presenin anim-
ageor 3D measuremengetbecausef occlusionby other
objects.

1.1 RelatedWork

Much work hasbeendedicatedo the generalproblemof
inferring object poseand shapefrom 3D rangedata. In
[3], it is pointedout thatgeneralizeatylindersareeffective
modelsfor shaperecognitionandrepresentationA classic
referenceon the useof generalizecconesfor shaperepre-
sentationmay be foundin [5]. Nevatiaer. al. have intro-
ducedmethodsof estimatingtwo categoriesof generalized
cylinders,usingonly their self-occludingcontoursfrom se-
guence®f imageg6]. In [4], straighthomogeneougener
alizedcylinders, (SHGCs),areestimatedy extractingob-
jectcontoursandapplyingashape-from-shadingchnique.
In contrastto both of theseapproachesmodelsestimated
here are very speci c, i.e. straighthomogeneougener
alized cylinders with circular crosssection,and the self-
occludingcontoursare assumedo be missing. Potmann
et. al. have usedconceptddevelopedin algebraicgeome-
try, Plicker coordinatesto provide a novel linear solution
to estimatingaxially symmetricgeometryfrom 3D range
datain [7]. However, this methoddoesnot useanobjective
functionthat makesfull useof theinformationin the data,
andtheresultingestimatesare not asaccurateaspossible.
Thisis a seriousdravbackif the datais noisyor the object
surfaceis not perfectlyaxially symmetricwhichis the case
in mostapplicationsof interest. We usetheir solutionasa
startingestimatan our approach.

2. Axially Symmetric Surfaces

A surface,rotationally symmetricaboutan axis, which we
refer to as “axially symmetric, is a surfacethat can be
parametrize@s

X(r(z); ;2)=(r(z)cos ; r(z)sin ; z) (1)
In theliterature thisis a specialcaseof a SimpleHomoge-
neousGeneralizedylinder, SHGC,onewhich hascircular
crosssection.Herethe surfaceaxisis thez-axis,r (z) is the
radiusfunction—it variesasafunctionof z—and takesall
valuesbetweerD and2 . Thegraphof r(z) is, in theliter-
ature,referredto asthe objectoutline, the generating con-
tour, or theprofile curve. In (1), theradiusfunctionr (z) isa
single-waluedfunctionof z. In this paperwe generalizg1)
andconsiderpro le curve (r; z) wherer maytake multiple
valuesfor oneor morevaluesof z. We treattwo represen-
tationsfor r (z), onebeingalinearspline(i.e. asequencef

Willis, A., Orriols, X., VelipasalarS.,Binefa, X. andCoopeyD.B.

straight-linesegments),andthe otherbeinga planaralge-
braiccurve (i.e. aplanarimplicit polynomialcurve). Note,
in the former case the surfacerepresentatiors a sequence
of frustrumsof coneswhereasn the latter casethe surface
is analgebraicsurfaceconstrainedo beaxially symmetric.
The problemof interestis: givenanunoiganizedsetof 3D
measuredoints of a small patchof a larger axially sym-
metric surface,estimatea surfacegeometrymodelfor the
patch. We see that this geometry is completely specified by
an axis in 3D and a profile curve with respect to that axis.

3. Models and Objective Functions

Theposeof arotationallysymmetricobjectis de ned upto
a sign by the axis of symmetry We have parametrizedhe
axisof symmetryusingthe standarcgparametricequationof
aline:

I=Nt+q,

Thisequatiorrequiress parameters3 which specifyapoint
'q o» and2 which de ne the unit vector'v in the direction
of theline by specifying2 anglesin sphericalpolarcoordi-
nates.Takingtheaxisof symmetryto bethez-axisin anr-z
plane,thepro le curveis speci edasacunein this plane.
We studytwo modelsfor apro le curve.

1. A piecavise frustrumsof conesapproximationof the
3D surface. This model usesa continuoussequence
of straightline sgmentso representhepro le curve.
For L line sggmentsthecompletepro le curveis then
givenby:

L
rz)= cz+w )
i=1
Herethez-axisis partitionednto L intervals,astraight
line having parameterg ¢;; w;), speci estheline in
thei™ interval, and adjacentline segmentsmeetat
the internval boundarypoints (seeFig. 3). If r(z)
takes more than one value for some values of z,
a parametrizatiorand partition as a function of arc
lengthis used.

2. A globalimplicit polynomialapproximatiorof the 3D
surface. This modelusesa singleimplicit polynomial
cunve to representhe pro le curve. TheresultinglP
pro le curve model of degreen takes the following
form:

X .
fo(r;z) = ar ¢ = €)

0 j+k n;jk O

Expandinghis form, we have:

agot aor +ap1z+:::+anor"+am pir" 744 ag,r" =
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Figurel: Axially SymmetricGeometry

(a) collectionof rangepoints(b) surfacewith iso-contourorientedaboutthe axis of symmetry( vt !q 5 (c)2D
representatioof the shapeby meansof its pro le curvewith respecto its axisasthez-axis.

3.1 3D Surface Estimation Reducedto 2D
Curve Estimation

The problemas statedrequiresthe estimationof a 3D sur
face.However, aswe have shavn, a 3D axially symmetric
surfaceis completelyspeci ed via its axisandcorrespond-
ing 2D pro le curwe. In this section,we shaw that tting a
sequencef frustrumsof conego 3D datacanbereducedo
tting asequencef linearsplinesto 2D data.Fitting alge-
braicsurfacesto 3D dataalsoreducedo a 2D curve- tting
problem,but that reductionis more subtleand a bit more
complex. We illustrate this by shaving that the objective
functionto be minimizedfor 3D surface tting reducego
anobjective-functionminimizationfor 2D data.

Figure2: A modelinvolving 2 line segmentgL = 2)

1. Fitting a sequenceof frustrumsof cones. Consider
Figs. 1(a) and 2 wherethereis a hypothesizedxis
speci edby vector('v '; 'ql)t, andin thelatter gure,
a hypothesizedsequencef two frustrumsof cones.
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The objective functionto be minimizedis the sumof
squareerpendicular distances from the datapoints
to the hypothesizedsurface. Hence,considerthe i
datapoint. This pointlies in the planedeterminecdby
the point and the hypothesizedsurface-axis,and the
perpendiculadistanceis measuredvithin this plane.
This perpendiculadistances simply the perpendicu-
lar distanceto the hypothesizegro le curve. Hence,
considera local orthogonalcoordinatesystem(r; z)
wherethez line is the hypothesizedurfaceaxisandr
is the distanceto a point in the direction perpendicu-
lar to thez line. In this coordinatesystemthei™ data
pointhascoordinatevector(r;; z; ). Then3D surface
tting become<D linear spline tting to a scatterof
2D datapointsin an(r; z) planeasin Fig. 2. In 2D,
theerrormeasurés the sumof squaredlistancegrom
eachdatapointto its appropriatestraight-linesegment.

. Fitting an axially-symmetricalgebraicsurface. If the

objectivefunctionusedn tting weresimplyalgebraic
distanceargumentsanalogouso thosefor tting ase-
guenceof conic frustrums,casel above, leadto the
conclusionthat the 3D objective function is equalto
the sumof squaredalgebraicdistancedor algebraic-
curve tting to the scatterof pointsin a planeasin
casel. However, an additionalcomplicationis that
for thei™™ datapointthe Gradient-1objective function
(seesection3.3) includesa quadraticterm involving
theunit vector, h;, whichis perpendiculato the mea-
sured3D surfaceat thei" datapoint. This unit nor-
mal is the unit normalto a 3D hyperplanet to the
measurediatain a smallneighborhoof thei™ data
point. In general,this unit vectorwill not lie in the
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XX
E = [zi  z]sini ry

i=1 1=1

planedeterminedy thei!" datapointandthehypoth-
esizedsurfaceaxis. Henceits contributiondepend®n
its orthogonalprojectioninto this planeandits com-
ponentorthogonalo the plane. The equivalentobjec-
tivefunctionfor 2D algebraiccurve tting involvesthe
projectionof theunit vectorinto theplaneandthis pro-
jectionhaslengthlessthanl1. Theresultingobjective
functionis slightly differentthantheobjectvefunction
usedin standardsradient-1algebraiccurve tting [8].

3.2 Fitting Local Spline SurfaceModels

With this model, we are estimatingthe pro le curve asa
continuoussequencef L piecavise linear sggments.This
is equivalentto estimatingthe 3D surfaceasa sequencef
conicfrustrums(seeFig. 2).

In thistreatmentthe 2D (r; z) dataspacds dividedinto
L layersof equalsize.Eachlayeris thesubsebf datapoints
lying betweera pair of linesperpendiculato thez axis,see
Fig. 3.
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Figure3: Continuousequencef linearseggmentyL = 5).

Note, a low-computatiorlinear leastsquarest to each
datalayeris possibleby tting linesindependentlyo each
layer, but the resultinglines may then not intersectat the
layer boundariesj.e. atz;; zy; :::. Theresultingrepre-
sentationis not as good as that for which line segments
areconstrainedo intersectat the layer boundarypointsz; .
We usethe constrainedtting wherethe error minimized
is the sumof squaredlistancegrom eachdatapointto the
line sggmentin its layer The parameterso be estimated
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ry+ tan( q)(zgr1  Z1)

I# 2
COS | (4)

X

a=1

areoneradiusvalue,e.g.,r1, andthe anglesfor eachline
sgment, 1; 2;:::; s in Fig. 3. The objectve func-
tion to be minimizedfor M layersandN; pointsin layer
i is (4) (above) where(z; ; ry) arez andr components
respectiely of the | datapoint. Unfortunately this re-
quiresnon-lineamumericalminimizationover the parame-

ters(ry; 1;:::; m)-
Furtherimprovementis obtainedby estimatingan opti-
mal setof layer boundarypointsz;; :::; zw . In this case

thestratayy to befollowedconsisiof ahierarchicatwo-step
minimizationprocedure.

x ed,and nd theoptimalline sgmentsequencéhat
ts thedataaccordingo suchpartitioning. Thismeans

2. Thencorrectthe Z -partitioningin orderto minimize
theglobalerror.

Thesetwo stepshave to beiterateduntil corvergence.

3.3 Global Algebraic Surface Models

Implicit polynomial curves provide a compactand low
computational-costnethod of representingshape[8, 9].
The explicit linear least-squaresolution tting methods
that have beendevelopedprovide stableand robust poly-
nomial ts in the presenceof noise[8, 2]. We apply the
Gradient-1tting algorithmrecentlydevelopedby Tazdizen
et. al. [8]. Forapro le curve modelof degreen thereare
p= w unknown coefcients. Theformin (3) can
be represente@sthe inner productof an unknown coef-
cientvector Z, anda known monomialvectorY :

Z= ayp aio an aho an 1 aon
Y= 171 z rmor(n Dz zn
Usingthis representation(3) is:
fu(r;z)=Y'Z

The Gradient-1tting algorithmmakesuseof the gradient
of f,,(r; z) in orderto geta more stableestimateof the
curve. As describedn section3.1 case2, for thei 3D
datapoint thereis an associate@stimatedsurfacenormal
hi . This normalcanbe decomposethto a component?
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inthe(r; z) planeandacomponenbrthogonato theplane.
NotethatknPk 1. We useamodi ed versionof the en-
ergy function (5) de ned in [8] for estimatingthe pro le
curve coefcients.

erad =  (fn(ri; z)?+ knP 1 fn(ri;z)k?) (5)
i=1
where
. @
rfn(ri;z)=rYz= g 00 aon |,
@ 2 p

In (5), is aweightingparametemhich providesa more
stableestimate , (r; z) by forcingf , (r; z) to haveagradi-
entcloseto thenormalnP. As shavn in [8], thisis alinear
leastsquareproblemwhich maybe putin matrixform and
hasan explicit solutionincurring little computationaktost.
In summary tting a 2D algebraiccurve in this reference
planeis equivalentto specifyingthe 3D surface.

4. Estimation Computation-Algorithm

Thenon-lineaiiterative minimizationnecessarfor estimat-
ing the surfaceparameterss similar for both methods3.2
and3.3. Eachiterationmaybe decomposehto 2 steps:

3D parameters
M={v,qo}

Profile Curve
parameters
Z={ou,..., ar}

Figure4: Two-stepiterative minimizationprocedure.

1. Basedon the value of the objective function after the
precedingteration,choosea new-valuefor the param-
etervector(!v ; !q o) specifyingtheaxisof symmetry

2. Estimatehebestparametevaluesfor thepro le curve
with respecto this axisusingthe methoddescribedn
(3.2)or (3.3).
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Theobjectie functionsde ned in bothmethodsarehighly
non-linear Consequentlyconvergenceto alocal minimum
may occurif minimizationis startedfar from the true pa-
rametewalue. Theinitialization of theestimatioralgorithm
needonly a hypothesizedxisof symmetryin orderto be-
gin. We usetheinitialization givenin the next section.

4.1 Initialization

Theinitial estimate of the axis of symmetryis computedas
an explicit expression resultingfrom a linear leastsquares
formulationin Pliicker coordinatessgivenby Pottmanre:r.
al. [7]. In thisapproachtheauthorsconsiderthe setof nor-
mallineseachde ned by adatapointandits corresponding
normal(seeFig. 5). If eachpoint lies on the axially sym-
metric surface,eachof theseineswill intersectthe axis of
symmetryat somepoint. Unfortunately the lines do not
intersecthe true axis eitherbecause¢he measuremerdata
is noisy anddoesnot lie on the true surfaceor becausehe
surfaceis notexactly axially symmetric.Thegoalof theau-
thorsisto nd thestraightline thathasminimumdistanceo
this setof normallines. UsingPliicker coordinatesthe au-
thorspresent linearleast-squaresolutionto this problem
involving SVD of acovariancematrix.

Figure5: Plicker coordinatenormalline solution

Unfortunatelytheaccurag of thismethoddepend®ntirely
uponthereliability of the estimatechormalvectors.Results
may be poorin the presencef noise,if normallines exist
which are approximatelyparallelto the axis of symmetry
orif all normallinesroughlyintersectata point,ashappens
if themeasuredurfacepatchis onasphereForthisreason,
we usethis solutiononly asa low computation-cosinitial
startingpoint. Hereafter the algorithmsappliedmake use
of boththe measuredangepointsandthe surfacenormals
to re ne theinitial guess.

5. Experimental Results

Experimentsvereperformedusingdataobtainedrom a3D
CT scanof a potterysherd(i.e. fragment). The outersur
facepointswereisolatedandusedasinputto theestimation
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algorithmusing method3.2 with 5 linear spline sggments

(se€Fig. 6).

(b)

(@)

Figure6: (a) imageof CT scandata(b) isolatedoutersur

facedata(shavn in white).

Find Coruaion
T

Figure 7: (a) estimatedlinear spline pro le curve using
methodof section3.2 (L = 5) (b) axially symmetricso-

(b)

(@) (b)

Figure8: Solution1 (a) estimateds™ degreepro le curve
usingmethodof section3.3 (b) axially symmetricsolution
via method3.3 with 3D dataoverlaid (in white) on the so-

lution.

(@) (b)

Figure9: Solution2 (a) estimateds™ degreepro le curve

usingmethodof section3.3 (b) axially symmetricsolution
via method3.3 with 3D dataoverlaid (in white) on the so-

lution via method3.2 with 3D dataoverlaid (in white) on

the solution.

As shawn in Fig. 7(a), the linear sgmentseffectively

representhe the local shapeof the data. Adaptive subdi-
vision of the spaceallows usto exploit any local linearities
in the surfacewhich can producevery efcient represen-
tationswhen dealingwith objectswhich may include at
areas. ldeally, the datascatteraboutthe estmatedpro le
curve would have 0 extent. The factthatit doesnt is be-
causethereis somenoisein the measuredlataor the sur

faceis not perfectlyaxially symmetricor the axis estimate
is slightly in error. Fig. 7(b) shows the surfaceassociated

lution.

with the estimatedinearsplinemodeltransformednto the
original coordinatesystemof the data. Of particularnote
is the factthatthe bump on the upperrim of the objectdid
not signi cantly effect the surfaceestimate demonstrating

somerobustnesdo surfaceswhich are not perfectly sym-

metric.
one may have to considertwo or more pairs of axesand

correspondingpro le curvesfor thedatapatch,andchoose

the appropriatepair later usingadditionalinformation. We
computethesemultiple solutionsby using,whenappropri-
ate,upto two suboptimalnitial solutionsobtainedrom the

Figures8 and9 illustratethatif the datapatchis small,
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approachn section4.1.

(@) (b)

Figure 10: (a) experimentalobject (b) objectis occluded,
andonly asmallsurfacepatchis obsenableto the 3D scan-
ner

A secondexperimentwasperformedusingdataobtained
from Vitanas ShapeGrabbelaser range nder (seeFig.
10). As shown in Fig. 10(a), the subjectwas an object
with roughsurfacetextureandimperfectsymmetry Before
scanningall of the objectsase a small portion of the up-
per half wasoccludedfrom the measuringlevice asshovn
in Fig. 10(b). Theresultingdatarepresentedboth the oc-
cluding objectsand our testobject. The datapertainingto
ourtestobjectwassegmentedsuchthatonly surfacepoints
of interestremainedseeFig. 11(a))which werethenused
asinput to the estimationalgorithmusingmethod3.3. As
shavnin Fig. 11(b),theresultingsurfacereconstructionts
closelythe original rangedata.Evidentin modelis thatthe
estimatedcurve closely modelsthe local curvature of the
surface. In addition, this modelhasthe bene t of beinga
much more compactrepresentationf the shape. The 5
degree2D IP requiresonly 21 parameterso representhe
globalshapeof theobjectof interestwhich clearlyhassome
complex surfacegeometry Notethatr (z), theradiusfunc-
tion, is multivaluedbecausehe top of the pot andimme-
diateinsidesurfacearemodelled. The estimatecdyeometry
is completelycapturedby an estimatedaxis andassociated
pro le curvefor the datapatch.

6. Summary and Conclusions

We have introducedtwo new methodsfor simultaneously
estimatingthe poseandshapeof a small patchfrom anax-
ially symmetricobjectusing3D datathatdoesnotinclude
the self occludingboundary Thesemethodsgenerateac-
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curateand compactrepresentationsf a possiblycomple
andimperfectobject.For illustrative purposesexperiments
have beenpresentedvith eachmethodusingdifferentkinds
of input data(i.e. 3D CT scandataand 3D laserrange
data),demonstratinghatthe methodsare practicalandac-
curate,evenwhenthe datapatchsubtendonly a smallan-
gle aroundthe objectaxis. In addition,althoughsomenon-
linear minimizationis necessarythe computationatostof
thesemethodsarenot excessive. An extensionin progress
of this work is computationof a covariancematrix for the
estimategatchaxisandpro le curve. Thiscanbeobtained
approximatelyfrom the Hessianof the objective function
minimizedin the estimation. We seethis work as a step
alongtheveryimportantpathof pulling out usefulgeomet-
ric structurefrom cloudsof unomganized3D datapoints.
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(@) (b) (© (d)

Figure11: (a) isolatedpatchof rangedata(in white) (b) estimateds™ degreepro le curve (c) estimateds™ degreepro le
curve (d) reconstructe@D surfacewith datasuperimposegalsoin white).
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